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The 
onstru
tive set theory, CZF
The 
onstru
tive Zermelo-Fraenkel set theory, CZF (A
zel, 1978)I has a quite natural interpretation in the Martin-L�of typetheoryI is a predi
ative theoryI without power set axiomI without full separation axiomI with restri
ted separation axiom



CZFThe axioms and rules of CZF are the axioms and rules ofintuitionisti
 predi
ate logi
 with equality, and the following settheoreti
 axioms:I Extensionality: 8a8b(8x(x 2 a$ x 2 b)! a = b).I Pairing: 8a8b9
8x(x 2 
 $ x = a _ x = b).I Union: 8a9b8x(x 2 b$9y 2 a(x 2 y)).I Restri
ted Separation:8a9b8x(x 2 b$ x 2 a ^ '(x))for every restri
ted formula '(x), where a formula '(x) isrestri
ted, or �0, if all the quanti�ers o

urring in it arebounded, i.e. of the form 8x 2 
 or 9x 2 
 .



CZF I Strong Colle
tion:8a(8x 2 a9y'(x ; y)!9b(8x 2 a9y 2 b'(x ; y) ^ 8y 2 b9x 2 a'(x ; y)))for every formula '(x ; y).I Subset Colle
tion:8a8b9
8u(8x 2 a9y 2 b'(x ; y ; u)!9d 2 
(8x 2 a9y 2 d'(x ; y ; u) ^ 8y 2 d9x 2 a'(x ; y ; u)))for every formula '(x ; y ; u).



CZF I In�nity:(N1) 0 2 N ^ 8x(x 2 N! x + 1 2 N);(N2) 8y(0 2 y ^ 8x(x 2 y ! x + 1 2 y)!N � y);where x + 1 is x [ fxg, and 0 is the empty set ;.I 2-Indu
tion:(IND2) 8a(8x 2 a'(x)! '(a))!8a'(a)for every formula '(a).



CZF
I For ea
h formula ', the 
olle
tion fx j '(x)g is a 
lass.I fx j x = xg is a 
lass;I fx j x � yg is a 
lass.I A 
lass C is a set if 9x8y(y 2 C $ y 2 x):



CZF
I The 
lass of total relations between a and b is denoted bymv(a; b):r 2 mv(a; b), r � a� b ^ 8x 2 a9y 2 b((x ; y) 2 r):I The 
lass of fun
tions from a to b is denoted by ba:f 2 ba , f 2 mv(a; b)^8x 2 a8y ; z 2 b((x ; y) 2 f ^ (x ; z) 2 f ! y = z):



CZF
In CZF, we 
an proveI Fullness:8a8b9
(
 � mv(a; b) ^ 8r 2 mv(a; b)9s 2 
(s � r)),and, as a 
orollary, we see that ba is a set, that isI Exponentiation: 8a8b9
8f (f 2 
 $ f 2 ba).



Set-generated 
lassesA 
lass X of subsets of a set S is set-generated if there exists asubset G of X su
h that� =[f� 2 G j � � �gfor ea
h � 2 X . We 
all the set G a generating subset of the 
lassX .I The 
lass Pow(S) of opens of the dis
rete topology on a setS is not a set in CZF.I A base ffsg j s 2 Sg of the opens Pow(S) is a set in CZF.I Note that Pow(S) is a set-generated 
lass with a generatingsubset ffsg j s 2 Sg.



Set-generated 
lasses
PropositionLet X be a 
lass of inhabited subsets of a set S, and let Min(X )be a 
lass of minimal elements of X , that is,Min(X ) = fx 2 X j 8y 2 X (y � x ! y = x)g:If X is set-generated, then Min(X ) is a set.



Impli
ations and theories
De�nitionThe generalized geometri
 impli
ations (simply, impli
ations) andgeneralized geometri
 theories (simply, theories) over a set S , andtheir rank, are de�ned simultaneously by1. s is a impli
ation of rank 0 for ea
h s 2 S ;2. if � is a �nite subset of S and � is a set of theories of rank n,then V�!WU2�VU is a impli
ation of rank n + 1;3. a set T of impli
ations of rank � n is a theory of rank n.



Impli
ations and theories
I WU2�VU � V ; !WU2�VU,I s !WU2�VU � Vfsg !WU2�VU,I V�!W'2U ' � V�!W'2U Vf'g,I V�!VU � V�!WU2fUgVU.



Models of theoriesFor an impli
ation ' � V�!WU2�VU of positive rank, wedenote the sets � and � by �' and �', respe
tively.De�nitionThe relation j= between a subset � of S , and impli
ations s (ofrank 0), ' (of positive rank) and a theory T over S is de�ned by1. � j= s if s 2 �;2. � j= ' if �' � � implies � j= U for some U 2 �';3. � j= T if � j= � for all � 2 T .We say that � is a model of a theory T if � j= T . The 
lass ofmodels of T is denoted by M(T ).



ExtensionsAn extension S 0 of a set S is a set with an in
lusion (i.e., aninje
tion) � : S ! S 0.We 
an naturally extend the in
lusion � to an in
lusion �̂ from theimpli
ations and the theories over S into the impli
ations and thetheories over S 0 of same rank by�̂(s) = �(s);�̂(') = V �(�')!WU2�' V �̂(U);�̂(T ) = f�̂(�) j � 2 Tg;where s and ' are impli
ations of rank 0 and of positive rank,respe
tively, and T is a theory.



Extensions
LemmaLet T be a theory over S, and let S 0 be an extension of S with anin
lusion �. Then ��1(�0) 2M(T ) if and only if �0 2M(�̂(T )) forea
h �0 2 Pow(S 0).



Extensions
Let S 0 be an extension of a set S with an in
lusion �.I A theory T 0 over S 0 is an extension of a theory T over S if��1(�0) 2M(T ) for ea
h �0 2M(T 0).I An extension is 
onservative if for ea
h � 2M(T ) there exists�0 2M(T 0) su
h that � = ��1(�0).Note that the theory �̂(T ) is a 
onservative extension of a theoryT .



Rank redu
tion
PropositionEa
h theory of rank n + 1 (n � 1) has a 
onservative extension ofrank n.PropositionLet T 0 be a 
onservative extension of a theory T . If the 
lassM(T 0) of models of the theory T 0 is set-generated, then the 
lassM(T ) of models of the theory T is set-generated.



Regular extension axiom
I A set A is regular if it is transitive, i.e. a � A for ea
h a 2 A,and for ea
h a 2 A and R 2 mv(a;A) there exists b 2 A su
hthat8x 2 a9y 2 b((x ; y) 2 R) ^ 8y 2 b9x 2 a((x ; y) 2 R):I A set A is union-
losed if S a 2 A for ea
h a 2 A.uREA: Every set is a subset of a union-
losed regular set.



Regular extension axiom
I A regular set A is RRS2-regular if for ea
h A0 � A,R 2 mv(A0 � A0;A0) and a0 2 A0, there exists A0 2 A su
hthat a0 2 A0 � A0 and 8x ; y 2 A09z 2 A0(((x ; y); z) 2 R):RRS2-uREA: Every set is a subset of a union-
losed RRS2-regularset.



Regular extension axiomDC: If 8x 2 a9y 2 a (x ; y) and b0 2 a, then there exists afun
tion f : N! a su
h that f (0) = b0 and8n 2 N (f (n); f (n + 1)):PropositionuREA+DC) RRS2-uREA.TheoremAssume RRS2-uREA. Then the 
lass M(T ) of models of a theoryT of rank 1 is set-generated.



Relativized dependent 
hoi
eLet � and  be arbitrary formulas.RDC: If 8x [�(x)!9y(�(y) ^  (x ; y))℄ and �(b0), then thereexists a fun
tion f with domain N su
h that f (0) = b0 and8n 2 N[�(f (n)) ^  (f (n); f (n + 1))℄:Note that RDC implies DC.TheoremAssume RDC. Then the 
lass M(T ) of models of a theory T ofrank 1 is set-generated.



Main result
TheoremAssume RRS2-uREA or RDC. Then the 
lass M(T ) of models ofa theory T of rank n is set-generated.



AlgebraLet (R ;+; �;�; 0; 1) be a 
ommutative ring.I A subset I of R is an ideal I if1. 0 2 I ,2. x ; y 2 I ) x � y 2 I ,3. x 2 R ; y 2 I ) x � y 2 I .PropositionAssume RRS2-uREA or RDC. Then the 
lass of ideals isset-generated.Proof.Note that the 
lass of ideals is the 
lass of models of the theory:f0g [ fVfx ; yg ! x � y j x ; y 2 Rg[ fy ! x � y j x ; y 2 Rg:



AlgebraI An ideal I is nontrivial if there is x 2 I with :(x = 0).PropositionAssume RRS2-uREA or RDC. Then the 
lass of minimalnontrivial ideals is a set.Proof.Note that the 
lass of nontrivial ideals is the 
lass of models of thetheory: f0g [ fWx2fx2Rj:(x=0)g xg[ fVfx ; yg ! x � y j x ; y 2 Rg[ fy ! x � y j x ; y 2 Rg:



Neighbourhood spa
e
I A neighbourhood spa
e is a pair (X ; �) 
onsisting of a set Xand a subset � of Pow(X ) su
h that1. 8x 2 X9U 2 �(x 2 U),2. 8x 2 X8U ;V 2 � [x 2 U \ V !9W 2 �(x 2W � U \ V )℄.We say that � is an open base on X .I A subset A of X is open if for ea
h x 2 A there exists U 2 �su
h that x 2 U � A.I A fun
tion f between neighbourhoos spa
es (X ; �) and (Y ; �)is 
ontinuous if f �1(V ) is open for ea
h V 2 �.



Neighbourhood spa
e
Let X be a set.Let f(Xi ; �i ) j i 2 Ig be a family of neighbourhood spa
es, and letffi : Xi ! X j i 2 Ig be a family of fun
tions.I An open base � on X is �nal for the family ffi j i 2 Ig if forany neighbourhood spa
e (Y ; �) and any fun
tion g : X ! Y ,g is 
ontinuous, g Æ fi : Xi ! Y is 
ontinuous for ea
h i 2 I :



Neighbourhood spa
ePropositionAssume RRS2-uREA or RDC. Then the 
lassC = fU 2 Pow(X ) j f �1i (U) is open for ea
h i 2 Igis set-generated, and the generating set is a �nal open base on X .Proof.Note that C is the 
lass of models of the theory:ffi(x)!Wx2V2�i Vy2V fi(y) j x 2 Xi ; i 2 Ig:



Formal topologyI A formal topology (S ;�;C) is a preordered set (S ;�)equipped with a sub
lass C � S � Pow(S) su
h that1. a 2 U ) aC U ,2. aC U and 8
 2 U(
 C V ) ) aC V ,3. aC U and aC V ) aC # U\ # V ,4. a � b ) aC fbg,where # U = fa 2 S j 9b 2 U(a � b)g.I A formal topology (S ;�;C) is set-presented if there exists afamily of subsets C (a; i) of S , where i 2 I (a) and a 2 S , su
hthat aC U , 9i 2 I (a)(C (a; i) � U):



Formal topologyLet (S ;�;C) be a formal topology.I A formal point of a formal topology (S ;�;C) is a subset� � S su
h that1. � is inhabited,2. a; b 2 � ) (# a\ # b) G �3. a 2 � and a C U ) U G �.If (S ;�;C) is set-presented, then the 
ondition 3 is equivalent to8i 2 I (a)[a 2 �) C (a; i) G �℄:



Formal topologyPropositionAssume RRS2-uREA or RDC. Then the 
lass of formal points ofa set-presented formal topology is set-generated.Proof.Note that the 
lass of formal points is the 
lass of models of thetheory: fWa2S ag[ fVfa; bg !W
2#a\#b 
 j a; b 2 Sg[ fa!Wb2C(a;i) b j i 2 I (a); a 2 Sg:



Formal topologyCorollaryAssume RRS2-uREA or RDC. Then the 
lass of minimal formalpoints of a set-presented formal topology is a set.A formal topology (S ;�;C) is T1 if � � � ) � = � for ea
hformal points � and �.CorollaryAssume RRS2-uREA or RDC. Then the 
lass of formal points ofa set-presented T1 formal topology is a set.



Formal topologyI A 
ontinuous morphism from a formal topology (S ;�;C) intoa formal topology (S 0;�0;C0) is a relation r � S � S 0 su
hthat1. a r b and b C0 V ) a C r�1(V ),2. aC r�1(S 0),3. a r b and a r 
 ) a C r�1(# b\ # 
).4. aC r�1b ) a r b,If (S ;�;C) and (S 0;�0;C0) are set-presented, then the 
onditions1, 2 and 3 are respe
tively equivalent toI 8j 2 I 0(b)[a r b ) 9i 2 I (a)8a0 2 C (a; i)9b0 2 C 0(b; j)(a0 rb0)℄,I 9i 2 I (a)8a0 2 C (a; i)9b 2 S 0(a0 r b),I a r b and a r 
 ) 9i 2 I (a)8a0 2 C (a; i)9d 2# b\ # 
(a0 r d).



Formal topology
PropositionAssume RRS2-uREA or RDC. Then the 
lass of 
ontinuousmorphisms between set-presented formal topologies isset-generated.



Formal topologyProof.Note that the 
lass R of relations satisfying the 
ondition 1, 2 and3 is the 
lass of models of the theory:f(a; b)!Wi2I (a)Va02C(a;i)Wb02C 0(b;j)(a0; b0)j j 2 I 0(b); a 2 S ; b 2 S 0g[ fWi2I (a)Va02C(a;i)Wb2S 0(a0; b) j a 2 Sg[ fVf(a; b); (a; 
)g !Wi2I (a)Va02C(a;i)Wd2#b\#
 (a0; d)j a 2 S ; b; 
 2 S 0g;and the 
lass of 
ontinuous morphisms is given byff(a; b) j aC r�1bg j r 2 Rg:



Basi
 pair (joint work with Tatsuji Kawai)I A basi
 pair is a triple (X ;
;S) of sets X and S and arelation 
� X � S .I A relation pair between basi
 pairs (X ;
;S) and (X 0;
0;S 0)is a pair (r ; s) of relations with r � X � X 0 and s � S � S 0su
h that 
0 Ær = sÆ 
 :I Two relation pairs (r1; s1) and (r2; s2) between pasi
 pairs(X ;
;S) and (X 0;
0;S 0) are equivalent, denoted by(r1; s1) � (r2; s2), if 
0 Ær1 =
0 Ær2;or equivalently s1Æ 
= s2Æ 
 :



Basi
 pair (joint work with Tatsuji Kawai)
TheoremAssume RRS2-uREA or RDC. Then 
oequalizers exist in the
ategory of basi
 pairs.



Basi
 pair (joint work with Tatsuji Kawai)Proof.Let (r1; s1) and (r2; s2) be relation pair between basi
 pairs(X ;
;S) and (X 0;
0;S 0). Then the 
lassQ = fU 2 Pow(S 0) j (s1Æ 
)�1(U) = (s2Æ 
)�1(U)gis the 
lass of the models of the theory:fa!Vx2(s1Æ
)�1(a)Wb2(s2Æ
)(x) b j a 2 S 0g[ fa!Vx2(s2Æ
)�1(a)Wb2(s1Æ
)(x) b j a 2 S 0g:Let G be a generating set of Q. Then (X 0;
0;G ) with a relationpair (idX 0 ;2) is a 
oequalizer for (r1; s1) and (r2; s2).


