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Chiorescu's theorem

Marcela Chiorescu’'s theorem

Arapovi¢: every zero-dimensional extension of a commutative ring contains
a unique minimal one.

Let R be a one-dimensional commutative ring, with Noetherian spectrum,
in which zero is a primary ideal. Then a minimal zero-dimensional
extension of R corresponds to a set P of primary ideals belonging to
distinct maximal ideals.

For example, if R is a Dedekind domain.

The ring Q X Z,, is a minimal zero-dimensional extension of Z. The set P
consists of the primary ideals in the decomposition of the ideal (n).
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Let P be a collection of primary ideals of R belonging to distinct maximal
ideals. Then the extension of R is constructed as follows.
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Chiorescu's theorem

Let P be a collection of primary ideals of R belonging to distinct maximal
ideals. Then the extension of R is constructed as follows.
o Let A= @gep R/ Q. Thisis a ring that need not have an identity
element.
o Let A* be A with an identity element adjoined. (A = R x A with the
appropriate multiplication.)

o Let T (A*) be the total quotient ring of A*.

In a subsequent paper, Marcela and | weakened the one-dimensionality
condition to read that every nonminimal prime ideal be contained in only
finitely many prime ideals (as opposed to every nonminimal prime ideal

being maximal).
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Constructive theory?

A theory based on prime ideals is unlikely to be good. It would hard to
apply it even to the polynomial ring F [X] where Q C F C Q[i]. My
initial goal was to develop a constructive theory that would at least apply,
in a satisfying way, to that case.
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The theory I'll outline applies to F [X] when F is an arbitrary field, but
perhaps not in a satisfying way. However, if F is algebraic over Q, then
you get a satisfying structure theorem.
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Constructive theory?

Constructive theory?

A theory based on prime ideals is unlikely to be good. It would hard to
apply it even to the polynomial ring F [X] where Q C F C Q[i]. My
initial goal was to develop a constructive theory that would at least apply,
in a satisfying way, to that case.

The theory I'll outline applies to F [X] when F is an arbitrary field, but
perhaps not in a satisfying way. However, if F is algebraic over Q, then
you get a satisfying structure theorem.

The only condition with constructive overtones that is imposed on R is
that every element be either regular or nilpotent. So the nilradical is prime
and the total quotient ring is zero dimensional.

No conditions are imposed on the minimal zero-dimensional extension S of

R. So, for example, the theory covers the extension Q x Z// where [ is an
arbitrary nonzero ideal of Z.
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This consists of the finitely generated regular ideals of R, with the order
a<bifbCrada.
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a<bifbCrada.

This is a distributive lattice with a bottom element which I'll call 0
although it is actually R. In general there is no top element.
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The lattice of finitely generated regular ideals

The lattice L (R)

This consists of the finitely generated regular ideals of R, with the order
a<bifbCrada.

This is a distributive lattice with a bottom element which I'll call 0
although it is actually R. In general there is no top element.

When R = Z, this is the lattice of finite subsets of the primes.

This is more or less the closed sets of Spec Z except
@ We only consider maximal ideals,
@ The whole space is missing,

@ It's not closed under arbitrary intersection (it's a basis for closed sets).
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admissible family of ideals.

Richman (FAU) Minimal zero-dimensional extensions



The invariant

The invariant for a minimal zero-dimensional extension S of R is a family
of ideals of R, indexed by L (R), such that

o aCradl,

o /ub = /a N I[,

o ifaCb, thenl, C I
These ideals are the R-annihilators of idempotents in S associated with
finitely generated ideals in R. We will refer to such a family of ideals as an

admissible family of ideals.
For Marcela, L (R) is atomic with the atoms being the maximal ideals.

Richman (FAU) Minimal zero-dimensional extensions



The invariant

The invariant for a minimal zero-dimensional extension S of R is a family
of ideals of R, indexed by L (R), such that

o aCradl,
o lpp=1IsNl
o ifaCb, thenl, C I
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admissible family of ideals.

For Marcela, L (R) is atomic with the atoms being the maximal ideals.
Every element is a finite join of atoms, so we can define an admissible
family arbitrarily on the atoms p, subject to the condition p C rad /.
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family arbitrarily on the atoms p, subject to the condition p C rad /,. Then

we pass to @ R/, adjoin a unit, and take the total ring of quotients.
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The invariant

The invariant for a minimal zero-dimensional extension S of R is a family
of ideals of R, indexed by L (R), such that

o aCradl,
o lpp=1IsNl
o ifaCb, thenl, C I

These ideals are the R-annihilators of idempotents in S associated with
finitely generated ideals in R. We will refer to such a family of ideals as an
admissible family of ideals.

For Marcela, L (R) is atomic with the atoms being the maximal ideals.
Every element is a finite join of atoms, so we can define an admissible
family arbitrarily on the atoms p, subject to the condition p C rad /,. Then
we pass to @ R/, adjoin a unit, and take the total ring of quotients.
We want to form some sort of direct limit of the rings R/|,.
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Relatively complemented lattices

In trying to fit the rings R/ I, together into a directed system, we are led
to consider a sort of “locally atomic” condition, like in a gcd ring as
opposed to a UFD:

Richman (FAU) Minimal zero-dimensional extensions 10/16 7/12



Relatively complemented lattices
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a, b, ¢ are pairwise disjoint.
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opposed to a UFD:

@ For each x and y we want to write x =aV b and y = bV ¢ where
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Note that a is the relative complement of y in x, so we are led to require
that the lattice L (R) be relatively complemented.
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Relatively complemented lattices

In trying to fit the rings R/ I, together into a directed system, we are led
to consider a sort of “locally atomic” condition, like in a gcd ring as
opposed to a UFD:

@ For each x and y we want to write x =aV b and y = bV ¢ where
a, b, ¢ are pairwise disjoint.

Note that a is the relative complement of y in x, so we are led to require
that the lattice L (R) be relatively complemented.
The surprise is that this condition is equivalent to dim R < 1.
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For each x € R define

N(x)=Rx+ | J (0:x")g.

neN

Then
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neN

Then

e dimR < 0 means R/N (x) =0 for all x € R,
e dimR <1 means dmR/N (x) <0 for all x € R.

If 0 is primary, and the nilradical of R is detachable, then dim R < 1 if and
only if dim R/ Rx = 0 whenever x € R is not nilpotent.
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Dimension 1

Dimension 1

For each x € R define

N(x)=Rx+ | J (0:x")g.
neN

Then

e dimR < 0 means R/N (x) =0 for all x € R,
e dimR <1 means dmR/N (x) <0 for all x € R.

If 0 is primary, and the nilradical of R is detachable, then dim R < 1 if and
only if dim R/ Rx = 0 whenever x € R is not nilpotent.

The condition dim R < 0 is equivalent to the well-known classical
arithmetic condition that for each x € R, there exists n such that

Rx" = Rx"+1,
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Application to F [X]

@ Let k be a discrete field and F an algebraic extension of k.

@ Suppose for each nonzero polynomial g € k [X] we are given an ideal

lq of F[X] so that the family (/q)qek[x]\{o} is admissible.
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Application to F [X]

@ Let k be a discrete field and F an algebraic extension of k.

@ Suppose for each nonzero polynomial g € k [X] we are given an ideal
lq of F[X] so that the family (/q)qek[x]\{o} is admissible.
@ Then this family can be extended uniquely to an admissible family

(o) peFpx)y (0
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Application to FX

Application to F [X]

@ Let k be a discrete field and F an algebraic extension of k.
@ Suppose for each nonzero polynomial g € k [X] we are given an ideal
lq of F[X] so that the family (/q)qek[x]\{o} is admissible.
@ Then this family can be extended uniquely to an admissible family
(o) perpx fo}-
If k is factorial, say k = Q, then such an admissible family over k [X] is
specified by assigning an ideal I, in F [X], containing some power of p, to
each monic irreducible polynomial p in k [X].

Richman (FAU) Minimal zero-dimensional extensions



Application to Marcela

Noetherian spectrum

Richman (FAU) Minimal zero-dimensional extensions



Application to Marcela

Noetherian spectrum

Definition

A ring of dimension at most one has Noetherian spectrum if the radical of
any finitely generated ideal is the intersection of finitely many prime ideals,
each of which is the radical of a finitely generated ideal.
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What's a prime ideal? A detachable proper ideal P such that if rs € P,
thenr € Pors e P.

With these definitions, Marcela's theorem has a constructive proof as it
stands.
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Application to Marcela

Noetherian spectrum

Definition

A ring of dimension at most one has Noetherian spectrum if the radical of
any finitely generated ideal is the intersection of finitely many prime ideals,
each of which is the radical of a finitely generated ideal.

Noetherian rings need not have Noetherian spectrum. Consider F [X].

What's a prime ideal? A detachable proper ideal P such that if rs € P,
thenr € Pors e P.

With these definitions, Marcela's theorem has a constructive proof as it
stands.

Examples: Finitely generated rings of algebraic integers in a
finite-dimensional extension field of Q. Specifically, Z [2i].
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End

Yay!
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